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AWnd-The continuum theory of porous materials respec:tilll the internal discontinuity of these materials. is
formulated in this paper. It is shown that porous material can be studied in two c:laucs of c:ontinua (continua
associated with volume and malS averaae quantities). five different kinds existina in eac:h c:lass. The relation of
these c:lasses and kinds to various parts and confiprations of the porous medium is defined. Transformation
equations between the c:IaIICs and kinjls are determined. The value of the principle of superposition of
"components" is discussed and the principle of superposition of states is formulated.

I. INTRODUCTION
Porous materials are usually studied by aid of mixture theory (see, e.l. [l-3]t). This procedura
leads to a whole series of difticulties and inaccuracies which were pointed out in[6, 7]. In these
two studies it was shown that a continuum (or more accurately macrocontinuum) model can be
co-ordinated to a porous material only if the followinl condition is satisfied in measurin& the
properties of the medium:

I <eL (1.1)

where I is the internal characteristic len&th of the porous medium (e.,. the mean radius of the
pores) and L is the characteristic lenath of measurin& probe (e.,. the wavelenath of an acoustic
siana!). If we measure the property in accordance with condition (1.1), the measured values can
then be associated with a continuum model of the material. Several such models, which are
created if the volume average of the property is bein& measured, were discussed in[7].
However, from the results in[6] it follows that in balance equations not only volume averages,
but also mass averages of intensive variables occur toaether. Therefore, in the subsequent
section we shall seek to determine the possible classes and types of continua which are
associated with volume and mass averages alike, we shall attempt to express their mutual
relationship and we shall evaluate all obtained results from the point of view of their
interpretability and measurability.

2. MATERIALS AND ITS MODELS

Part.Jl of a porous material at time t occupies a region 9t which consists of volume IiV and
its surface 81i V. Region 9t consists of a continuous region9t 1 (with the volume IiVI) which
corresponds to a solid skeleton, and of N discrete regions 9t2

1 (with volumes IiVl) cor­
responding to the pore space. The ftuid in the pore space is in two different phases, liquid and
ps. Let us, therefore, designate the individual 9tl that the first X corresponds to the liquid and
the remaining ones to the ps. It holds that

(2.1)

tBiot's pioneering work(4] is likewise based on a mixture model (sec(5D.
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The total mass of ~ is !J.M and the mass contained in 92" or 92,,' or 922"' is !J.M" or !J.M,,' or
!J.Mr, respectively and it holds that

2 N II

!J.M =L !J.M", !J.M2 =L !J.M2' = L !J.M2"',
a-I i-I fINI-J

(2.2)

From now on we shall distinguish between measurements at the macropoint of the material
(i.e. if condition (1.1) is satisfied) and at the micropoint (i.e. if condition 0.1) is not satisfied).
We shall denote an intensive variable measured at a micropoint of 92 or 92, or 922' as A = A(r,
I) for r E 92V) or AI = AI(r, I) (for r E 921), or A2

1 = A21(r, I) (for r E 9221
). It holds that

A =AI V A2, where A2 =A2
1

V ••• V A2
N• If we define the unit functions as

D (r 1)&".;01 for rE92" nl(r 1)&".;01 for rE922~
'" '0 for re 92,,' U2, ....0 for r;4 922'

for an arbitrary r it then holds that

L D" = I, ~ D,,' =D", A =L A:, A: lIE DaA"
a . ~ a

A* ='" A 1* A '* = D 'A I2 ~ 2 ,2 2 2'
I

(2.3)

(2.4)

If we are carrying out the measurements in accordance with condition (1.1), depending on
the nature of these measurements we may then define various types of continua which will be
associated with the following volume and mass averages of the variables:t

{A)-lim !J.ly Lv A dY

{A:)=lim !J.ly Lv A:dY

(A2
1*) - lim !J.ly Lv A2

1*dY

(A"),, 55 lim AV
I

( A" dY
£ol "JAV•

(A2
1
)/ - lim A vI , ( A2

1dY
£ol 2 JAV2'

{A }-Iim !J.~LAI AdM

{A:}IE lim !J.~ {AI A: dM

{A2
1*}-lim !J.~ {AI A/* dM

{A"},, a lim !J.~" {AI. A" dM

{ A2
1} I -lim AMI i ( A2/ dM.

2 £ol 2 JAAIl

tUnless otherwise indicated the limits are calculated for IlL ...O.

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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The continua %0 and %0 are associated with the quantities defined by relations (2.5) and (2.10).
The continua .1':0' and .1':0' %iTI' and %i Tl' %.0 and %.o%ioand %io correspond to the quantities
(2.6) and (2.11), (2.7) and (2.12), (2.8) and (2.13), and (.29) and (2.14), respectively.

If we define the following volume and mass concentrations

~ (D) I' /fj V. ~, (D ') I' /fj V2'
v. == • = 1m /fj V ' V2 == 2 = 1m /fj V

={D }-I' /fjM. , - {D '} _ I' /fjM2'c. - • - 1m /fjM' C2 - 2 - 1m /fjM

then from the relations (2.1)-(2.16) it follows that

{A} =~ {A:}, {A:} =c.{A.}., {An =~ {A2/*} =c2{AJ2
• I

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

For the time being we have defined the two main classes of continua: the continua
corresponding to measurements in characteristic volumes and masses. Within each class we
have distinguished five different types of continua and eqns (2.17) and (2.18) determine the
relations between the individual types of a single class. However, it still is not clear which of
the individual measurements can be realized or, in other words, which continua can be
interpreted in terms of measurable quantities. This problem will be discussed in the next
section.

3. INTERPRETATION OF CONTINUUM MODELS

Figure 1 illustrates the porous material .«. .« can be divided (at least in one's mind) into
materials .«, and '«2, which correspond to a solid skeleton and a fluid in the pore space. '«2 can
further be divided into N materials '«2" each of which corresponds to a certain pore or its part
(i.e. the regions glt2/)' From .«. we can now proceed to material'«:. .«t is material .Il, in region
gIt (i.e. there is a vacuum in gIt~ and similarly .«! is '«2 in region gIt (i.e. there is a vacuum in gIt,),
If we are considering '«2' in gIt, we then obtain material '«2;*' i.e. a material in which there is a
vacuum everywhere within the boundaries of U/fjV except for the region gltl If we are
measwing at the micropoints of material .«., '«2/' .«:, and '«2/*' we then obtain the quantities
A., A2/, A: and A2/*, respectively. If we are measuring at the macropoints of'«, we then obtain
either (A) or {A}, i.e the continua %0 and %0 are associated with .«. The results of the
measurements at the macropoints of .«. are the values (A.). and {A.}., i.e. the continua %.0
and %.0 are associated with .«•. The measurements at macropoint '«2/ lead to (A2/h' or {A 2'h/
and, therefore, to the continua %~o or %~{}. Measurements at the macropoints of materials .«:
and '«2/* lead to the values (A:) and {A:}, (A2'*) and {A2/*}, i.e. to continua .1':0 and .1':0' %~T)o
%itland %itJ'

In principle, the measurements of the quantities (A) and {A} and of the concentrations 8.,
82/, c. and C2/ can be realized under all circumstances. Under certain circumstances, in the case
of porous materials, we may measure the quantities (A,). and {A,h, or (AT), or (A2')2' and
{A2/h', i.e we are able to measure the properties of the solid phase of a porous medium, or of
the absolutely dry solid skeleton, or of the fluid in an individual pore (or in its part). By these
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Fig. l.

circumstances we understand certain conditions which must be satisfied during the experiment
(e.g. in measuring (A1h the boundary conditions of region ml in mmust be satisfied, etc.). The
materials .il2, .il! and .il21* are quite fictitious and unrealizable. It is impossible, for instance, to
distribute the gtts, filled with fluid, in the vacuum region mand at the same time preserve the
boundary conditions, interaction forces, etc. which existed in .il. Neither is it possible to
measure the quantities {AT} in material .ilT, because the latter has mass b.M.. whereas {AT} is
associated with mass b.M. To summarize, we may say that only the continua Xo (with the
quantities (A» and Xu ({A}) can be interpreted directly in terms of measurable quantities. With
certain limitations (see above) we may also claim this in case of continua X10 «Alh), XII}
({Alh>, %'To «AT)), X~o «A2

Ih l ) and X~O ({Alh/). The remaining continua (and the correspond­
ing quantities) have only an auxiliary, or more accurately, a derived character (see eqns (2.17)
and (2.18».t

If we consider conditions (2.1h,4.6.7,8 and (2.2hJ.4' we may then define the properties (A 2/hl
,

{Alhl and the concentrations 8l and cl of the liquid, as well as the properties (Allh ll
,

{Alihil and concentrations 811 and cl of the gas:

(3.1)

8 '" -I' b.V2'" '" -I' b.Mt ( -I II)2 - 1m b. V ,C2 - 1m b.M W -, ,

II 11

~ 82*' =C2' ~ C2*' =C2'.-1 .-1

4. RELATIONS BETWEEN THE VOLUME AND MASS AVERAGE VARIABLES

First of all, we shall define the densities measured at the micropoints of the materials .il, .ila ,

tThe relation of lbe individual continua to the concepts used in tbe theory of mixture will be discussed in the last
section,
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I, aM I' aMa
P" 1m "v,Pa= 1m "V'

AV-oO ~ AV.-oO ~ a

* . aM ' I' aM2~ '* I' aM21

Pa=hm-..LP2'= 1m "V"P2' = 1m "V'
AV-oO aV' AV2I-oO~ 2 AV-oO ~
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(4.1)

The densities at the macropoints then read

(P) - I' aMa ( ) -I' aMa ( *) -I' aMa
- 1m aV' Pa a - 1m av ' Pa - 1m aV'

a

... aMi . aMI
(P2'h' = 11m av;l, (P2I*) = 11m aV.

(4.2)

Since we assumed that measurements of the elements of mass and volume could be realized,
we may claim all the densities in eqns (4.2) to be measurable. It holds that (see (2.15), (2.16),
(2.18), (4.2»

Ca =(p:}/(p), 8a =(P:}/<PIll}a,

C2
1=(P2I*}/(p), 821=(P2I*}/<P2lhl,

8a(Pa}a =ca(P), ~I =(P2lhl =C21(P).

Equations (2.5H2.19), (4.2) and (4.3) now yield

(pA) =(p}{A} = I (p:Aa) =(PTA I} +~ <P21*A21}
a I

(4.3)

=I 8a(PaAa} =81(PIAI}+~ 821(P2IA2Ihl, (4.4)
a I

(p:Aa)=(p:}{Aa}a =(P}{A:} (4.5)

(PaAa) = (Pa}a{Aa}a = (Pa)aCa-I{A:} =(p}8a-I{A:} (4.6)

(P2I*A2
i ) =(p}{A2

i*} =(P2I*}{A2~hl (4.7)

(P2IA2Ih =(P2lhi{A2Ihi =(p}(82Irl{A21*} =<P2lhl(C2Irl{A21*}. (4.8)

Provided we are able to state the hypothesis of microlocal homogeneity for the solid as well
as the fluid, i.e. provided

PI(r) =const., P21(r) =P2J(r) =const.,

it follows from eqns (2.8) and (4.6). that

Equations (2.17)2' (2.18)z, (2.19)3,4 and (4.10) then yield

(4.9)

(4.10)

(4.11)

Here it should be pointed out that conditions (4.9) can only be applied to a dry and liquid
saturated porous medium.

S, REFERENCE STATES

The theory of mixture, built on the principle of superposition of components tends towards
one very old dream of alchymists: it is attempting to express the property of the whole as a
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function of the properties of its parts, Relations (2.17), (2.18) and the analysis in Section 3
indicate that this is, in principle, possible even with porous materials, provided we are able to
measure the quantities (AI)' and {Ai)2i (or {Alh and {A2

ihi
). However, we did point out that it

is quite difficult to make these measurements, For example, the water in pores is not identical
with "free" water. For this reason the author is of the opinion that it is more convenient to
replace the superposition of components by the superposition of reference states. As regards
porous media, we are directly offered two realizable (and more or less reproducable [7]) states:
a dry and liquid-saturated porous material.

For the quantities (A) playing the role of primitive terms in the given theory (independent
variables), or the role of directly measurable quantities in an experiment, it holds that[7]

(5.1)

where the indices Sand D indicate quantities measured in the first and second reference state
(i.e. in the liquid-saturated and dry porous material), 8l and 8l' represent the liquid and gas
contents of the pore space:

(5.2)

Rule (5.1) was derived under a single limiting assumption that the material does not swell, We
shall also apply this assumption here in deriving the relation {A} =!({A}s, {A}D)' Besides this,
we shall assume that the liquid and the gas are microlocally homogeneous, i.e. that

( iU I_I) 1 I' I1Mi I' I1Mi
s

(f . 1 X)P2 12 = \l'2 2 = 1m 11vi = 1m 11V
2

or I = "'"

A II IIVD
( j) j ( II) II U I' Uolll22 (f ' X 1 N)P2 2 = P2 2 = y = 1m /)" vii or I = +, ... , ' (5.3)

Here /)"Mis and I1MllD represent the mass of the liquid in the liquid-saturated material and of
the gas in the dry material, respectively,

Equations (5.2) and (5.3) yield,

~ 1 _I' /)" vi _I' I1Mi ~ II -I' 11v2
U

_I' /)"M};~
op - 1m /)" V

2
- 1m I1M/s, op - 1m /)" V

2
- 1m 11M

2
• (5.4)

In agreement with eqns (2.18) and (3.1) we may write for the actual state of the material and for
both reference states

{A} =c.{A.h +ci{A2Ihi +c2II{AiIhU
,

{A}D =cID{A,h +ciID{A2llhII,

{Als = c,S{AI}, +ciS{AiY,

where

D I' I1MI S I' I1M~
CI = 1m I1MD' Cl = 1m 11M '

liD I' I1Mi: IS I' 11M2:
C2 =1m 11M ,C2 =1m 11M

where the masses of the liquid-saturated and dry media are

(5.5)

(5.6)

(5.7)

respectively. We may now say that (see eqns (5.2)-(5.7» property A of an arbitrary actual state
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{A} - ~ I {p)S {A} + ~ 11 {P)D {A}
- up {p} S up (p) Do

70S

(5.8)

In [7} the dependence of some drived (indirectly measureable) quantities (A) on the values
in reference states was studied (particular attention being paid to the strain tensor and material
constants). It follows from eqns (5.1) and (5.8) that all results valid for %0 (see [71) are as well
valid for %u if we make the transformation{A)-+{A}, (A)s -+{A}s, (A)D -+{A}o.

~ I -+ ~ I {p)s ~ II -+ ~ II~
up up (P)' up up (p)'

6. DISCUSSION

The presented theory tried to respect the following facts:
(I) Measurements cannot· be carried out in dimensionless points. Any measurement is

associated with a finite volume or a finite mass.
(2) The validity of the principle of superposition of "components" is limited by the extent to

which the "components" can be separated.
The first fact led us to two classes of continua (continua associated with volume and mass

average quantities), each class beiDl divided into five kinds. The relations between the kinds are
expressed by eqns (2.17) and (2.18). Under certain conditions the relation between the classes
(see (4.9) and (4.10» has the form of (4.11). In the case of A =v(v is the velocity) this relation is
identical with the equation derived by Brenner[8]. Equations (4.4H4.8) can be understood as
relations between the densities of extensive variables and the specific values of these variables.
The description of heterogeneous materials in terms of averaged quantities is not a new idea. It
has been used, e.g. in papers[9} (for the description of general two-phase medium), [8, 10} (for
porous media), [11, 12} (for immiscible mixtures of fluids). However, I think that the present
article differs from the set of papers quoted· above in one essential aspect-in the choice of
primitive terms of theory. In the papers[8-12] the role of primitive terms is played by the
variables measured in dimensionless 'points-so-called "exact" fields (e.g. the averaged
quantities are expressed in terms of the "exact" fields, etc.). This choice was refused by the
present paper (as it follows from all the arguments presented above). This methodological
difference has determined differences between the applied mathematical instruments. For
example, Drew [9] obtains continuously differentiable averaged functions from the "exact"
variables by integrating over two volumes (see Reymond-Dubois Lemma). Here, it is supposed
that averaged quantities are continuously differentiable as soon as the condition (1.1) is
satisfied.t The difference mentioned above made the "program" of the present theory different
from analogous theories, too. I should like to determine the content of concepts and their
applicability limits before the derivation of balance equations. For example, the mass (or
volume) average velocity is employed in papers [8-12}. But we measure rather "the velocity of
averaging volume" (see [6, 71).

The second fact forced us to replace the principle of superposition of components by the
principle of superposition of reference states (see (5.1) and (5.8». The results of this paper can
also be understood to be a contribution to the argument conducted about the theory of mixtures
between the non-equilibrium thermodynamics and the rational thermomechanics. The tradi­
tional (micro-contunuum) mixture theory utilizes the concept of the so-called partial continuum.
In our macro-continuum formulations %:0 and %:{} correspond to these continua. Non­
equilibrium thermodynamics uses the principle of superposition (and, therefore, of the partial
continua) for balancing mass only. Of the partial quantities it thus uses only densities (or
concentrations) and diffusion velocities. As our analysis has been shown these quantities can be
measured in principle (the diffusion velocities by means of eqn (4.11»-* Rational ther-

me variables A, A.,etc. ineqns (2.5)-(2.14) are measured in micropoints. i.e. in some averqina volumes from pointof view
of "dimensionless" points.

me chemical potentials of the "components" also enter the entropy balance. Chemists claim that they are able to
measure these as well.
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momechanics employ partial continua in balancing all quantities. They therefore use quantities
such as partial stress, partial heat flux, etc. Ooru analysis has shown that these quantities cannot
be interpreted, because in most cases they cannot be measured. This conclusion is formulated
only for porous materials, but the author is of the opinion that it is valid generally.
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